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Abstract. Let (M, J, fi) be a closed polarized complex manifold of Kahler type. Let G be the 
maximal compact subgroup of the automorphism group of (M, J). On the space of Kahler metrics 
that are invariant under G and represent the cohomology class f2, we define a flow equation whose 
critical points are extremal metrics, those that minimize the square of the L 2 -norm of the scalar 
curvature. We prove that the dynamical system in this space of metrics defined by the said flow does 
not have periodic orbits, and that its only fixed points are extremal metrics. We prove local time 
existence of the flow, and conclude that if the lifespan of the solution is finite, then the supremum 
of the norm of its curvature tensor must blow-up as time approaches it. While doing this, we also 
prove that extremal solitons can only exist in the non-compact case, and that the range of the 
holomorphy potential of the scalar curvature is an interval independent of the metric chosen to 
represent fi. We end up with some conjectures concerning the plausible existence and convergence 
of global solutions under suitable geometric conditions. 
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1. Introduction 

We define and study a new dynamical system in the space of Kahler metrics that represent a 
fixed cohomology class of a given closed complex manifold of Kahler type. The critical points of this 
flow are extremal metrics, that is to say, minimizers of the functional defined by the L 2 -norm of the 
scalar curvature. We derive the equation, describe some of its general properties, and prove that 
given an initial data, the equation has a unique classical solution on some time interval. It would be 
of great interest to know if the solution exist for all time, or whether it develops some singularities 
in finite time. We have no general answer to this yet. However, we show some evidence indicating 
that in some specific cases, the solution should exist for all time and converge to an extremal metric 
as time goes to infinity. 

In order to put our equation in proper perspective, we begin by recalling a different but related 
one, the Ricci flow. Let M be a compact manifold M of dimension n. Given a metric g, we denote 
its Ricci tensor by Riccig and its average scalar curvature by r g . The Ricci flow 



^ = 2 ( r S-g - Riccig 
dt \n 

was introduced by R. Hamilton [11] as a mechanism to improve the properties of its initial data. 
It is a non-linear heat equation in the metric, which hopefully becomes better as time passes by in 
the same way as the heat equation improves an initial distribution of heat in a given region, and 
makes it uniform all throughout as time goes to infinity. Hamilton used it to show that on a three 
dimensional manifold, an initial metric of positive Ricci curvature flows according to this equation 
towards a limit that has constant positive sectional curvature. 

In the case of a Kahler manifold, Hamilton's flow equation may be used when seeking a Kahler- 
Einstein metric on the said manifold. Of course, this would a priori require that the first Chern 
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class ci be signed, so that it may be represented by Kahler-Einstein metrics, or their opposites. 
Regardless of that consideration, the idea inspired Cao [5] to study the equation 

duj 

for r\ a fixed real closed (1, l)-form representing the class c\{M). Here, ui and p are the Kahler and 
Ricci forms of the metric, respectively. Using Yau's work on the Calabi conjecture, he proved that 
solutions exists for all t > and that the path of metrics so defined converges to a Kahler metric 
with prescribed Ricci form r\ as t — ► oo. He went on and, under the assumption that c±(M) < 0, 
replaced r\ in the equation above by —uj t and proved that the corresponding solution to the initial 
value problem exists for all time and converges to a Kahler-Einstein metric as t — ► oo, rederiving 
the now famous version of the theorem of Yau and Aubin. 

As good as the Ricci flow may be, when it converges it can only do so to an Einstein metric, 
fact that is only possible under a priori conditions on M that might not hold in general. We are 
interested in studying polarized Kahler manifolds, and in finding canonical representatives of the 
polarization. Our flow is adapted to accomplishing that other somewhat different goal. 

For if (M, J, Q) is a polarized Kahler manifold, for a variety of technical reasons to be clarified 
below, we consider metrics that are invariant under the action of a maximal compact subgroup of 
the automorphism group of (M, J) , and introduce the equation 

with initial condition a given metric representing f2. Here is a metric dependent projection 
operator that intertwines the metric trace with the L 2 -orthogonal projection ir t onto the space of 
real holomorphy potentials, these being those real valued functions whose gradients are holomorphic 
vector fields. The projection n t is such that Htpt — Pt is cohomologous to zero, and so all metrics 
satisfying the equation represent 0. As such, the critical points of the equation, metrics for which 
Hp = p, are precisely those metrics whose scalar curvatures have holomorphic gradients, or said 
differently, the extremal metrics of Calabi [3]. This fact constitutes the guiding principle behind 
our consideration of this new flow equation. 

In general, our flow equation is different from the Kahler version of the Ricci flow, even when 

= ±ci. This last assertion is illustrated, for instance, by the blow-up of CP 2 at one or two points, 
and the reason is basically a simple one: extremal metrics, which is what we seek when we consider 
the new flow, is a concept that imposes milder conditions than those required for the metric to be 
Kahler-Einstein, and when Q = c±, the two concepts agree only if we know of additional restrictions 
on ci [7, 20]. These do not hold on the two mentioned examples. On the other hand, the flows 
always coincide on Riemann surfaces (where they also agree with the two-dimensional version of the 
Yamabe flow [10]) because regardless of the metric g under consideration, the holomorphy potential 
TTgSg, s g the scalar curvature of g, is a topological constant determined by the Euler characteristic. 
In these cases, it is still of some interest to point out that the extremal flow always arises as the 
gradient flow of a Riemannian functional, statement that in this dimension cannot be ascertained 
for the other two flows in light of the Gauss-Bonnet theorem. 

The main point of the present article will be to show that solutions to the extremal flow equation 
exists locally in time. However, even if these were going to exist globally, we should not expect that 
they would converge as time approaches infinity in all possible cases. We already know of examples 
of Kahlerian manifolds that do not admit extremal metrics [2, 16, 22]. 

We do have already a partial picture that explains why these examples exist. Those in [16] fail 
to satisfy a necessary condition on the space of holomorphic vector fields, while those in [2] and 
[22] are related to stability of the manifold under deformations of the complex structure, property 
that is independent of and not reflected by those of the Lie algebra of holomorphic vector fields. 



Pointing more to the heart of the problem that interest us here, we had proven [15] that the 
set of Kahler classes that can be represented by extremal metrics is open in the Kahler cone. The 
study of the extremal flow equation above, and its potential convergence to a limit extremal metric, 
can be seen as a general method that could decide if the the extremal cone is — or is not — closed 
also. 

In proving local time existence of the extremal flow, we also show that if the lifespan is finite, 
then the point-wise norm of the curvature tensor must blow-up as times approaches it. We leave 
for later the analysis of global existence and convergence under suitable geometric conditions, in 
particular, the analysis of these issues for surfaces with positive first Chern class, where our flow 
equation seems to be a promising tool for the resolution of the extremal metric problem. 

We organize the paper as follows: in §2 we recall the notion and basic facts about extremal 
metrics; in §3 we explain in detail the derivation of the extremal flow equation, and prove general 
results about it; in §4 we linearize this flow equation, showing that it results into a pseudo-differential 
perturbation of the standard time dependent heat equation. This form of the linearization is an 
essential fact in our proof of local time existence, done in §5 via a fixed point type of argument. 
We end with some remarks justifying our hope that solutions to the extremal flow will converge to 
an extremal metric under suitable general geometric conditions. 



2. Extremal Kahler Metrics 

Let (M, J, g) be a closed Kahler manifold of complex dimension n. This means that (M, J) is a 
closed complex manifold and that oj(X,Y) := g(JX,Y), which is skew-symmetric because g is a 
Hermitian Riemannian metric, is a closed 2-form. The form co is called the Kahler form, and its 
cohomology class [to] £ H 2 (M, M) is called the Kahler class. 

We denote by f) = f)(M, J) the complex Lie algebra of holomorphic vector fields of (M, J). Since 
M is compact, this is precisely the Lie algebra of the group of biholomorphism of (M, J). The 
subset f)o of holomorphic vector fields with zeroes is an ideal of rj, and the quotient algebra i)/i)o is 
Abelian. 

We shall say that (M, J) is a generic complex manifold of Kahler type if f)o is trivial. Typically, 
complex manifolds carry no non-zero holomorphic vector fields and are, therefore, generic in our 
sense. However, our definition includes also those complex manifolds whose non-zero holomorphic 
fields have empty zero sets. 

By complex multi-linearity, we may extend the metric g, the Levi-Civita connection V and the 
curvature tensor R to the complexified tangent bundle C <S> TM. Since C (8> TM decomposes into 
the ±i-eigenspaces of J, C (8> TM = T 1,0 M © T® ,l M, we can express any tensor field or differential 
operator in terms of the corresponding decomposition. For example, if {z 1 , . . . , z n } is a holomorphic 
coordinate system on M, we get induced bases {d z j} and {d z j := c^j} for T 1,0 M and T 0,1 M, 
respectively, and if we express the metric g in terms of this basis by setting g^ v := g (<9 2 m,<9 2 "), 
where the indices /j,, v range over {1, . . . , n, 1, . . . , n}, it follows from the Hermiticity condition that 
9jk = 9jk = 0, and that uj = oJ^dz^ A dz k = ig^dz 1 A dz k . 

The complexification of the exterior algebra can be decomposed into a direct sum of of forms of 
type (p, q). Indeed, we have A r M = (J) p+(?=r A' p,q M. The integrability of J implies that the exterior 
derivative d splits as d = d + 8, where d : A p < q M -► AP +1 '"M, 3 : A p > q M -► A p < q+1 M, d 2 = B 2 = 
and dd = —dd. Complex conjugation also extends, and we define a form to be real if it is invariant 
under this operation. An important result in Kahler geometry is that, given a d-exact real form (3 
of type (p,p), there exists a real form a of type (p — l,p — 1) such that [3 = idda. 
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The Ricci form p is defined in terms of the Ricci tensor r of g by p(X, Y) = r(JX, Y). It is a 
closed form whose components are given by 

d 2 

r 3 k = -Wjk = ~Q^=k logdetGfa) . 

The form — p is the curvature of the canonical line bundle k = A™(T*M) 1,0 , and represents the 
2ir 

first Chern class c\ = c±(M, J). 

The scalar curvature s is, by definition, the trace s = r£ = 2g jk r J j, of the Ricci tensor, and can 
be conveniently calculated by the formula 

(1) suj An = 2npAuj A( < n - 1 K 

to An 

Since the volume form is given by dp = — — and M is compact, this formula implies that 

n\ 

(2) f sdp = J -^—c 1 U[ur^\ 

Jm \ n - -U ! 

a quantity that only depends upon the complex structure J and the cohomology class [lo], and that 

generalizes the well-known Gauss-Bonnet theorem for surfaces. Notice that / dp = — [to] Un , and 

Jm n\ 

so the average scalar curvature 

(3) S0 = 4?m ^ , 

is also a quantity that depends only on the Kahler class [u] and the homotopy class of the complex- 
structure tensor J. 

Suppose that (M, J) is polarized by a positive class ft G H l ^{M,C) n H 2 (M, R). Let Win be 
the set of all Kahler forms representing ft. Since any two elements Co and u of Win are such that 
oj = io + iddip for some real valued potential function ip, at the expense of fixing a background 
Kahler metric to that represents ft, we can describe Win as Win = {"^V = to + iddip : lo^ > 0}. 
Thus, OJfo is an affine space modeled on an open subset of the space of smooth functions that 
parametrizes the deformations of the base point lo. We may topologize it by defining a suitable 
topology on the space of deformation potentials. 

In what follows, we shall not distinguish between the Kahler metric and its Kahler form, passing 
from one to the other at will. 

Consider the functional 

Win — ^ R 

(4) r 2 , ' 

w i-> / s^dpu, 

JM 

where the metric associated with the form lo has scalar curvature and volume form dp w . A 
critical point of this functional is by definition an extremal Kahler metric [3] . They were introduced 
by E. Calabi with the idea of seeking canonical representatives of ft. 

Given any Kahler metric g, a smooth complex- valued function / gives rise to the (1,0) vector 
field / i— > d&f = &g f defined by the expression 

g(d*f, - ) = df. 

This vector field is holomorphic iff we require that Bd^f = 0, condition equivalent to / being in 
the kernel of the operator 

(5) L g f := (dd#Tdd#f = ^A 2 / + Vv^V,/ + l -(V l a)V-J . 
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The ideal h consists of vector fields of the form df f , for a function / in the kernel of L g . In other 
words, a holomorphic vector field S can be written as d g f iff the zero set of E is non-empty. 
The variation of $q can be given in terms of the operator L g above. Indeed, 

d f 

— $q(uj + tidd(p) \ t=0 = -4 / s w L w ipdp w . 

Hence, the Euler-Lagrange's equation for a critical point g of (4) can be cast as the fact that the 
scalar curvature s g is a real valued function in the kernel of L g . Thus, the vector field dfs g must 
be holomorphic and its imaginary part is a Killing field of g. 

Given a Kahler metric u>, its normalized Ricci potential ip u is defined to be the only function 
orthogonal to the constants such that p = ph + iddijj^, where pu is the w-harmonic component 
of p. In terms of the scalar curvature and its projection onto the constants, we have that ip u = 
—Goj(sw — s o)- If denotes the Kahler cone of (M, J), the Futaki character [7] is defined to be the 
map 

£: t) xX — >C 

(6) ff(H,[w]) = 2/ ~{il> u )dn = -2 f E{G u (s u - SoMnu . 

Jm Jm 

It is calculated using a particular representative to of the class, but it depends only on O and not 
on the particular choice of representative [7, 4]. And when applied to a holomorphic vector field of 
the form E = d#f, it yields 

(7) S(S, [u]) = - f(s u - s ) dfi u . 

Jm 

If a metric u € VJIq is extremal, we may apply (7) to the vector field d^s w and obtain that 
#(0*^, fi) = —\\soj — so|| 2 . Thus, the Futaki character represents an obstruction to u being a 
metric of constant scalar curvature. 

Extremal metrics achieve the infimum of $n over SDt^- In fact, the critical value E(Q) they 
achieve is a differentiable function of Q [19], and there exists a holomorphic vector field Xq [8] such 
that 

(8) $nM > E(Q) :=s 2 ^--$(X n ,n) 
for all to £ Mq. 



3. Derivation of the evolution equation 

Calabi [4] showed that the identity component of the isometry group of an extremal Kahler 
metric g is a maximal compact subgroup of the identity component of the biholomorphism group 
of (M, J). This implies that, up to conjugation, the identity components of the isometry groups of 
extremal Kahler metrics coincide [15]. Therefore, modulo biholomorphisms, the search for extremal 
Kahler metrics is completely equivalent to the search for extremal metrics among those that are 
invariant under the action of a fixed maximal compact subgroup of the connected biholomorphism 
group. This last problem, however, turns out to be technically easier to analyze. 

3.1. Real holomorphy potentials. Given any Kahler metric g on (M, J), every complex- valued 
function / in the kernel of L g = (dd g )*dd g in (5) is associated with the holomorphic vector field 
E = dff, and since the operator L g is elliptic, the space of such functions is finite dimensional. 
However, L g is not, generally speaking, a real operator. Therefore, the real and imaginary parts of 
a function in its kernel do not have to be elements of the kernel also. It has been proven elsewhere 
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[15] that if / is a real valued function in the kernel of L g , then the imaginary part of d g f is a 
Killing field of g, and that a Killing field arises in this way if, and only if, its zero set is not empty. 

Let G be a maximal compact subgroup of the biholomorphism group of (M, J), and g be a Kahler 
metric on M with Kahler class fi. Without loss of generality, we assume that g is G- invariant. We 
denote by L 2 , G the real Hilbert space of G- invariant real- valued functions of class L 2 , and consider 
G-invariant deformations of this metric preserving the Kahler class: 

(9) Co = oj + iddip , ip g L\ +A G , k > n. 

In this expression, the condition k > n ensures that L 2 g is a Banach algebra, making the scalar 
curvature of u a well-defined function in the space. 

We denote by g C f) the Lie algebra of G, and by 3 the center of g. We let 30 = 3 H go, where 
00 C g is the ideal of Killing fields which have zeroes. If g is any G-invariant Kahler metric on 
(M, J), then each element of 30 is of the form JV g f for a real- valued solution of (5). In fact, 30 
corresponds to the set of real solutions / which are invariant under G, since 

3* : ker[(ddf)*dd g } h 

is a homomorphism of G-modules. 

The restriction of kei(dd g ^)*dd g to L| +4 g depends smoothly on the G-invariant metric g. Indeed, 
choose a basis {Xi, . . . ,X m } for 30, and, for each (1, l)-form \ 011 {M,J), consider the set of 
functions 

Po(x) = 1 

Pjix) = 2iG g d* g ((JX j +iX j )Jx), j = l,...,m 
where G g is the Green's operator of the metric g. If oj is the Kahler form of the G-invariant metric 
g, then df^pjiCj) = JXj + iX p and the set {pj(^)}™ =0 consists of real- valued functions and forms 
a basis for kev(ddg^)*dd g . Furthermore, for metrics u> as in (9), the map ip ^ pj(u> + iddip) is, for 
each j, bounded as a linear map from L\ +A g to £^ +3 G - 

With respect to the fixed L 2 inner product, let {/?, . . . , f™} be the orthonormal set extracted 
from {pj(Co)} by the Gram-Schmidt procedure. We then let 

m 

(10) « - £<4,«>L»^ 

3=0 

denote the associated projector. In fact, by the regularity of the functions {pi, ■ ■ ■ ,p m }, this 
projection can be defined on Lf, + j G for j = 0, 1, 2, 3, and for metrics as in (9), the map ip is 

smooth from a suitable neighborhood of the origin in -L^ +4 G to the real Hilbert space End(L| +J - G ) = 
® 2 L l+j,G- 

The holomorphic vector field Xq of the class that yields the lower bound (8) is given by Xq = 
df{-K g s g — so)- As such, it may depend on the choice of maximal compact subgroup G of the 
automorphism group of (M, J), but the value of $(Xq,Q) does not. The critical value E(Q), or 
energy of the class fi, is nothing more than 



E(Q) = j(Tr g s g fd^ g . 



(This way of computing the energy of the class through G-invariant metrics is very convenient and 
has been used several times elsewhere [18, 20, 21] with other (but related) purposes in mind.) 

Remark 1 . For generic manifolds (M, J) , the space of real holomorphy potentials consists of 
the constant functions only. Thus, TT g s g is the constant given in (3) no matter what G-invariant 
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representative g of the class f2 we consider. However, this last function could be constant even under 
the presence of non-trivial holomorphic vector fields with zeroes. For that, the Futaki invariant of 
the class must vanish, and in that case, the vector field Xq associated to fi is trivial. 

A simple instance of this is given by a compact Riemann surface S, where for any G-invariant 
metric g, we have that TT g s g = 47rx(£)/// s (£) where x(^) is the Euler characteristic. Indeed, 
Riemann surfaces are either hyperbolic, parabolic or elliptic. The first two of these are generic, 
and the assertion is clear then. For the remaining case, that of the Riemann sphere, the space 
f)o is non-trivial but the Futaki character vanishes. The assertion follows from the Gauss-Bonnet 
theorem embodied in (2), and the identity (7) applied to / = K g s g . □ 

From now on, we shall denote by VRqq the set of G-invariant Kahler metrics representing the 
class Q. Given a path of metrics uj t G 9JIq,g, since the kernel of (dd^)*ddg depends smoothly on 
g, the differential of -K t s t is well-defined. Here, 7Tj and st are the projection operator and scalar 
curvature associated to the metric u>t, respectively. Since ir t st is of order four in the potential of the 
metric, naively we would expect its differential to be an operator of order four on the tangent space 
to Wln t c at cjf However, we get something significantly better, and gain quite a bit of regularity. 
This fact will be very convenient later on. 

Lemma 2. Let uj t = to + iddift be a path of metrics in 9JTn,G with ujq = u>. Consider the projection 
irtst of the scalar curvature St onto the space of real holomorphy potentials, and let ipt = ^t<Pt- Then 

^ni^tst) = diptJXn = (d*ipt,Xa) t = (dip t ,d(TT t st))t , 

where Xq = d^ntSt is the holomorphic vector field of the class fi. In particular, this derivative is 
a differential operator of order one in <pt whose coefficients depend non-linearly on the metric ujf 

Proof. By the invariance of the Futaki character, if tt^s^ is constant then so will be ir^s^ for any 
other metric Co in WIq^g (see §4 of [20]). In that case, Xq is trivial and both sides of the expression 
in the statement are zero. The result follows. 

So let us assume that ntst is not constant. Here and below we use the subscript t to denote 
geometric quantities associated with oj t . Thus, the imaginary part of Xq, = oZ^tSt is a non-trivial 
Killing vector field, and in the construction of the projection map above, we can choose a basis 
{Xj} for 30 such that Xq = du t (ir t s t ) = JX\ + iX\ = Xq. Hence, 

-K t s t = 2iG t d* t {u t _\Xo) + s , 

where sq is the projection (3) of s onto the constants, a function that depends on Q and J but not 
on the particular choice of metric in 9Jfo,G- 

By the Kahler identity d* t = —i[A t , d], we conclude that 

7t t s t = 2G t K t d{uJt-\XQ) + s 

and, therefore, 

j t ir t s t = 2G t A t d(ib t _lXn) + 2G t A t d(u t JI fi ) + 2G t A t d(io t JI fi ) . 

The last two terms in the expression above cancel each other out. Indeed, uj t -\Xq = —id(ir t s t ) 
and computing the derivative of A t in terms of <pt, we see that 2GtA t d(u>t -IXq) = 2Gt(idd(ft,idd(irtSt))t- 
On the other hand, the differential of the Green's operator is given by —GtAtGt, and we obtain 
that 2G t A t d(Lu t _iXQ) = 2G t AtGtAtidd(irts t ) = -G t A t ^tSt) = -2G t (idd<p t ,idd{Tr t s t )) t . 

Since the real and imaginary parts of Xq are Killing vector fields and the metric potential ip t 
is G-invariant, we have that Xq(^) = 0, and so dcpt-lXQ = (d(pt,id(ntst))t is orthogonal to the 
constants. On the other hand, since Xq is holomorphic, we have that uj t -\Xq = iddipt-lXQ = 
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— id(dtfit -IXq). Hence, 2GtA t d(uJt -^Xq) = —2GtA t idd(d(pt-lXfi), and the desired result follows 
now because Gt is the inverse of the Laplacian in the complement of the constants. □ 
Given any Kahler metric g in TIq^g, we have seen that the extremal vector field Xq of the class 
can be written as Xq = df(ir g s g ). Thus, the critical points of ir g s g corresponds to zeroes of Xq, 
and are therefore, independent of g. We may use the Lemma above to strengthen this assertion a 
bit, and derive the following remarkable consequence. This result is reminiscent of the convexity 
theorem on the image of moment mappings [1, 9]. 

Theorem 3. Let to be any metric in Wln t c and consider the function tt^s^ obtained by projection 
of the scalar curvature onto the space of real holomorphy potentials. Then the range of tt^s^ is a 
closed interval on the real line that only depends on the class £1 and the complex structure J, but 
not on the particular choice of metric uj G 9JIo,,g- 

Proof. Let uj t = uj + iddip t be a path in 9Jfo,G- By Lemma 2, we have that 

^ts t = (dcp t ,d(ir t s t )) t . 

Since the maximum and minimum of TTfSt occur at critical points, this expression shows that these 
extrema values do not change with t. The result follows because WIq,g is path connected. □ 
The projection ix g onto holomorphy potentials has an appropriate lift II 9 to the level of G- 
invariant (1, 1) forms, which we discuss now. We denote by A fc ' G the space of real forms of type 
(1,1) that are invariant under G and of class L\. 

Lemma 4. Given any G-invariant metric uj, there exists a uniquely defined continuous projection 
map 

I 11 ) ^ : A fc+2,G ^ A fc+2,G > 

that intertwines the trace with the projection map ir^ in (10), and it is such that rj — li^n is 
cohomologous to zero for all rj G Aj^ 2 Q . For metrics uj as in (9), the map ip i— > 1L-, from L\ +A g to 
End(A^.'^ 2 G ) is smooth. 

Proof. Let r] G A^ 2 g . Since IT-, r\ must be of the form n + iddf for some real valued function 
/, the intertwining property of the projection and trace gives that 

tracer -\^f = ^ tracer, 

and so 

A^/ = -2(7T£ - l^race^?? . 

The right side of this expression is a G-invariant real valued function in the complement of the 
constants. Thus, we can solve the equation for / to obtain a real valued function that is invariant 
under G. By the continuity properties of the map 7r^ for metrics as in (9), we conclude that ip i— > IL> 

-2 



is a smooth map from a suitable neighborhood of the origin in L k+A G to the real Hilbert space 

V+2,g)- 



End(A^ 2 . G ). □ 



3.2. Extremal flow equation. The projection operators ir g and Tl g are essential elements in our 
study of extremal Kahler metrics. To begin with, they lead to alternative characterizations of the 
extremality condition of a metric that are quite suitable for analytical purposes. Indeed, if g is an 
extremal metric, it must be invariant under a maximal compact subgroup G of Aut(M, J) and we 
have that 



(12) 



Pg = u gPg ■ 
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Conversely, any metric g that is G-invariant and satisfies this equation must be extremal. Evidently, 
this tensorial equation for the G-invariant metric g can be recast in terms of the equivalent scalar 
equation 

(13) Sg = ITgSg , 

which also serves as a characterization of the extremal condition of g. 

Notwithstanding the richer set-up, the definition of extremality embodied by (12) is analogous to 
the definition of an Einstein metric, and its algebraic nature is quite suitable and direct for analytical 
purposes. For instance, rephrasing the proof for Einstein metrics, we may use it to show that any 
G-invariant metric that is a C 1,a weak solution of the extremal equation in harmonic coordinates, 
must be in fact a smooth extremal Kahler metric (compare this statement with Lemma 1 in [13]). 

However, the key use we shall make of these projections will be to define the extremal Kahler 
flow, a tool intended to govern the improvement of an initial representative of the class Q, towards 
one that is extremal. 

The idea of using good flows to better geometric quantities was originally used by Eells and 
Sampson [6] in another context, and reconsidered by Hamilton [11] in his definition of the Ricci 
flow. In our case, we are given a metric in 9Jfo,G an d try to improve it by means of a non-linear 
pseudo-differential heat equation, requiring the velocity of the curve to equal the component of the 
Ricci curvature that is perpendicular to the image of n. 

More precisely, we fix a maximal compact subgroup G of the automorphism group of (M, J) , 
and work on WIq^g, the space of all G-invariant Kahler forms that represent Q. Given u> 6 9#n,G> 
we consider a path ujf of Kahler metrics that starts at lu when t = and obeys the flow equation 
dtuJt = —pt + Tltpt- Since —pt + I^tpt is cohomologous to zero and G-invariant, for as long as the 
solution exists, we will have that uj t £ 9Jln,G- Thus, our evolution equation is given by the initial 
value problem 

/ 14 x d t u t = -pt + Iitpt, 

LOq = U) . 

Critical points of this equation correspond precisely to extremal metrics, those that satisfy (12). 

In the same manner as (12) has the alternative scalar description (13), we may reformulate (14) 
as an scalar equation. If ut = co + iddtpt, we have that litpt — pt = iddGt(s t — TTtSt), where Gt is the 
Green's operator of the metric LOf By compactness of M, we see that the deformation potential (ft 
evolves according to 

/ 15 ^ dt^t = G t (s t - TT t S t ) , 

ip = 0. 

A critical point of (15) is given by a metric for which G tt) (s w — vr^s^) = 0. Since — n^s^ is 
orthogonal to the constant, this condition is precisely the extremality condition (13). 

3.3. General properties of the extremal flow. We begin by making a rather expected obser- 
vation. 

Proposition 5. Let uj t be a solution of the initial value problem (14). If d^ t is the volume form, 
we have that 

In particular, the volume of Lo t is constant. 
Proof. The volume form is given by 



Differentiating with respect to t, we obtain: 

J t d ^ = (n - l)! ^"" 1 Au)t= ( n - l)! ^"" 1 A ^ tPt ~ Pt ^ = ~ St " >dpt ' 

as desired. Notice that this form of maximal rank is exact. □ 
Our next results address the plausible existence of fixed points or periodic solutions of the flow 
equation. 

Observe that (14) is invariant under the group of diffeomorphism that preserve the complex 
structure J. An extremal soliton is a solution that changes only by such a diffeomorphism. Then, 
there must be a holomorphic vector field V = (V 1 ) such that Vq + Vj ti = Up^ — pq. If the vector 
field V has a holomorphy potential /, we refer to the pair (g, V) as a gradient extremal soliton. 

Proposition 6. There are no extremal solitons other than extremal metrics. 

Proof. Suppose we have an extremal gradient soliton (g, V) defined by a holomorphic potential 
/. Then 

iddf = Up- p, 

and therefore, 

/ = G g (s - its) . 

This implies that A/ = s — its and since A is a real operator, the holomorphy potential / must be 
real. But / is a holomorphy potential, so it is L 2 -orthogonal to s — its. Hence, 



||V/|| 2 = J fAfdp g = J f(l-7r)sdp = 0. 



Thus, / is constant, and therefore, necessarily zero. 

Thus, a non-trivial soliton, if any, must be given by a holomorphic vector field V that is not a 
gradient. The set of all such vector fields forms an Abelian subalgebra of the algebra of holomor- 
phic vector fields. The group of diffeomorphism they generate must be in the maximal compact 
subgroup G of isometries of the metric. This vector field does not change the metric and so 
Lot = (exp(tV))*uj = lo. Hence, d>t = = Hp — p, and the metric is extremal. □ 

Remark 7. Evidently, the compactness of M plays an important role in this argument that rules 
out extremal solitons other than extremal metrics. They do exist in the non-compact case, where 
they give rise to certain points in the moduli space of these metrics. □ 
We now show that the evolution equation (14) is essentially the gradient flow of the if-energy, 
function that also serve to characterize extremal Kahler metrics [17]. Indeed, given two elements 
ujq and uj\ of %Jlci t Gi there exists a G-invariant function ip, unique modulo constants, such that 
uj\ = wo + iddip. Let ip t be a curve of G-invariant functions such that u>t = ujq + iddift G Win,G an d 
w(0) = ojq, w(l) = u)\. We set 



M(u ,ui) = - dt ip t (s t - ir t st)dpt , 
Jo J M 

where st and dpt are the scalar curvature and volume form of the metric uj t , nt is the projection 
(10) onto the space of G-invariant holomorphic potentials associated with this same metric, and 
dipt 

Lpt = This definition is independent of the curve t ipt chosen. 
dt 

Fix wo G 9#n,G- The if-energy is defined to be 
1 j u M(u ,u). 
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We have (see Proposition 2 in [17]) that 

^rc(wt) = - / <Pt(st ~ nst)dtH ■ 
at J M 

Thus, up to the action of the non-negative Green's operator, the gradient of k is given by the 
right-side of (15). Indeed, along flow paths, the t-derivative of K(u>t) is just the negative L 2 t -inner 
product of s t — Tt t s t and G t (s t — ^t s t)i respectively. 



Proposition 8. Let uj t be a solution of the initial value problem (14). Then 

d_ 
di' 



- L n(ujt) = - (s t - n t St)Gt(st - ^tSt)d^ t ■ 
Jm 



We use this result and the non-negativity of the Green's operator to rule out non-trivial periodic 
orbits of the flow (14). This must be done because in addition to the ones studied above, the flow 
equation is also invariant under the one-parameter group of homotheties, where time scales like the 
square of the distance. In principle, such an invariance could give rise to periodic orbits. 

Proposition 9. The only periodic orbits of the flow equation (14) are its fixed points, that is to 
say, the extremal metrics (if any) in SDtnc?- 

Proof. Consider the i^-energy suitably normalized by a volume factor to make it scale invariant. 
If there is a loop solution u t of (14) for t 6 [ti,<2], since the volume remains constant, we will have 
that K,{oJt\) = K ( w t 2 )- By the previous proposition, since Gt is a non-negative operator, we conclude 
that Gt(st — iTtSt) = on this time interval. This says that ut is extremal for each t on the interval, 
and so the right side of the evolution equation is zero. Thus, the loop is trivial, a fixed point of the 
flow. □ 

We end this section by showing that the functional (4) decreases along the flow (14). This should 
be clear from the way the equation was set-up, or at the very least, expected. 

Proposition 10. Let oj t be a path in Wln,G that solves the flow equation (14). Then 

d f 

—<$> n (Lj t ) = -4 / (s t - ir t s t )L t Gt(s t - ir t s t )dfi t < 0, 

and the equality is achieved if and only if u>t is extremal. In this expression, L t = (dd#)*(dd#) and 
Gt is the Green's operator if ujt ■ 

Proof. Given any variation of the metric with potential function </?, we know that 

d f 
— $(u t ) = -4 / sLtydnt- 

But ip = G t (st — 7r t St), and since ir t s t is a holomorphy potential and L t is self-adjoint, we see that 

d f 

— <S>(uj t ) = -4 / (s t - ir t s t )L t Gt(s t - 7r t s t )d/i t . 

Both L t and Gt are non-negative elliptic operators. Thus, L t Gt is elliptic and, furthermore, its 
spectrum is contained in [0, oo). For if LtGt(f = Xf, we have that GtLtGt^p = XGt^p, and taking the 
L 2 -inner product with tp itself, we conclude that A must be real and non-negative. Therefore, the 
the expression above for the derivative of &n along flow paths must be non-positive. If it reaches 
the value zero at some t, then we must have that f t = Gt(st — 7r t s t ) is a holomorphy potential and 
Atf = (1 — TTt)st is an element of the image of 1 — 7r<. Thus, ft is L 2 -orthogonal to (1 — Ttt)st- 
An integration by parts argument yields then that Vtft must be zero, and so the function f t is a 
constant, which is necessarily zero. Thus, st = TTts t and the metric u>t is extremal. □ 

It is clear that we could have used the function <E>q in the role that k played when proving that 
the flow does not have periodic orbits other than its fixed points. In fact, it is better to work 

li 



with <I>q itself. For we do not know if k is in general bounded below on 9Jtn,G) but the energy 
functional <I>n has that property indeed. If the solution to the flow equation were to exist for all 
t G [0, oo), the monotonicity result above would lead us to expect that, as t — > oo, the sequence ojt 
should be getting closer and closer to an extremal metric. We shall make several remarks about 
this possibility later on, but our discussion here of both, k and serves to show the similarities 
in their behaviour along solution paths to the the extremal flow equation. This is rather natural 
since they are both functions that can be used to characterize extremal Kahler metrics. 



4. The linearized flow equation 

Consider a family of metrics in 9Jfo,G of the form u>t(v) = u>^ + idda(t,v), with a(t,0) = 0. We 
da(t, v) 
dv 



set (3 = Pt = — — \v=o- The linearization of (15) at uo^ in the direction of (3 is given by 



dtPt - -^(G(t,v)(i l ~ ^(t,^)) 5 ^))) \v=o ■ 

Of course, the argument of the ^-differentiation in the right side involves quantities associated with 
the metric u>t(v). 

In the remaining part of this section we use the subscript ip, or no subscript at all, to denote 
geometric quantities associated with the metric uj v . 
We have that 

Since the variation of the Green's operator is —G^^A^^G^ (keep in mind that this operator 
needs to be applied only to s — its, a function that is orthogonal to the constants), using the relation 
between p v and H v p v , we obtain that 

dtP = -\^<pP ~ ZGpillpp^iddp^ - G v (J^Tr(t,v)S{t,v) \v=o^j ■ 
By Lemma 2, we may write this as 

(17) d t p = - X -A^p - 2G ip {H vPv ,iddp) v - G v (d#p,X n ) v , 

where Xq = d^^^s^) is the holomorphic vector field of the class CI. Notice that 

P v (fi) :=G^(d#P,X Q )v 

is a pseudo-differential operators of order — 1 in P whose coefficients depend non-linearly on the 
coefficients of the metric u^. 

We summarize our discussion into the following 

Theorem 11. Let (M,J,Cl) be a polarized Kahler manifold and let G be a maximal compact 
subgroup of Aut(M, J). The extremal flow equation (15) (or equivalently, (14)) in 9Jln,G is a non- 
linear pseudo-differential parabolic equation. 



Remark 12. For a generic manifold (M, J) the non-trivial holomorphic fields, if any, have no 
zeroes, and the space of real holomorphy potentials reduces to the constant functions. Under that 
hypothesis, the pseudo-differential term of order —1 in the right side of the linearized flow equation 
(17) vanishes, and the equation reduces to 

d t pt = ~ 2G ip (U v p ip ,iddp) tp . 
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This is still a pseudo-differential equation, a zeroth-order perturbation of pseudo-differential type 
of the standard time dependent heat equation. Thus, even for generic complex manifolds of Kahler 
type, the pseudo-differential nature of our flow equation remains in place. □ 

Remark 13. Even when the cohomology class Q under study is the canonical class c\ (which a 
fortiori must then have a sign), the extremal and Ricci flow do not necessarily coincide with one 
another. That will only be the case if we know a priori that tts is a constant, which as we saw 
earlier, is a rather non-trivial condition to impose and only happens if the Futaki character of the 
canonical class vanishes. Such a restrictive condition fails, for instance, when the manifold is the 
blow-up of CP 2 at one or two points. □ 

We now introduced an approximate linearized equation whose solution is needed in our study of 
local solvability of (15). In order to do so, we make some preliminary observations. 

Let T be a positive real number to be determined later and set I = [0,T]. A scale y = {^j}j>o 
of Banach spaces is a countable family of complete normed spaces such that ^ D Vj+i and each 
)$j is dense in ^o- Given one such, we define 

c m (m = c°(i; y,-) n ■ ■ ■ n y fe ) , 

and provide it with the norm 

H j)fc = sup{ sup {\\d r t v{t)\\^ r }} . 

tel 0<r<j-k 

In what follows, where we shall consider metrics of the form u t = uj + iddtpt for path of functions 
(ft that begin at when t = 0, we shall always use the scale of Sobolev spaces 

= L%d M ) 

as defined by the background metric uj. When t varies on the interval [0, T], if we choose T 
sufficiently small, all the metrics ujt will be equivalent, and the Sobolev spaces defined by them will 
be equivalent to each other, with equivalent norms. We let the Sobolev order jump by 2 because 
the operator F(ip) in the right side of (15), 

F(ip) := G t (s t - 7T t s t ) , 

is of second order, the one reason for the peculiar definition of the scale y j we shall use. And recall 
that by the Sobolev embedding theorem, we know that L 2 (M) is a Banach algebra whenever k > n. 
Thus, for as long as the metric uj t is equivalent to to, provided that k > n, we have a continuous 
mapping 

F : L 2 k+4 (M) ^ Lt +2 (M) . 

Proposition 14. Assume that a solution (p(t) of (15) is in Cr k+10 \(I; y) on the interval I for some 
integer k such that 2k > n + 2. Then all the values of dltp(t) (1 < r < k + 1) restricted to t = 
are completely determined and dl<p(t) \t=o'= f r £ ^k+i-r = ^2fe+2-2r gC^O - 

Proof. The initial condition ip | t=o is zero, and the equation itself sets the value of dt<p \t=o= 

s u — 7Tu)Su>) that is evidently in q(M). 
The relation (17) for (3 = dt(ft says that 

where Po is a pseudo-differential operator of order zero whose coefficients depend on the coefficients 
of the metric lu^ and its curvature tensor. Since ipt £ C(I; L 2 2k(M)) and 2k > n+2, by the Sobolev 
embedding theorem, these coefficients are continuous functions. By regularity of pseudo-differential 
operators on Sobolev spaces, we obtain that dt(3 = dftpt £ L^ k _^(M), which is still a continuous 
function because 2(k — 1) > n. 
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If we differentiate the expression above for f3 = dtpt with respect to t, we obtain 

^ = ~l A *j/ ~ \ L MP + p ^)j t P + PoAPW , 

where L v {(5) and Pq^{(3) are the linearizations of A^ and Po(p) at <p in the direction of dtp, 
respectively. The first is an operator of order two whose coefficients are continuous. By the metric 
dependence of Po(p>), the latter is a pseudo-differential operator of order zero whose coefficients are 
also continuous functions. Hence, df(3 = dfipt £ ^2(fc-2)(^) - 
Iteration of the argument above yields that 

&t<p = F r (<p, dt<p, ■ d r t ~ V) , 

where F r is some operator whose coefficients depend upon the coefficients of the metric uj v = 
00 + iddip. The desired result for the regularity of dip follows again using the Sobolev embedding 
theorem and the known regularity of the lower order time derivatives df<p, < j <i — 1. □ 
Assume given Cauchy data po = for (15) and let p r = dlp{t) \t=o be the sequence of coefficients 
of the Taylor series of ip(t) given by the proposition above. The Cauchy data <p$ determines the 
sequence ip r , 1 < r < k + 1. We consider the metric space: 

(18) W(I) = W k (I) = Mt) G C (fe+1)0 )(I; y) : dim U=o= <Pr, < r < k + 1} . 

It is not empty, as can be seen by solving the Cauchy problem for a suitable parabolic equation. 

By a continuity argument, for any ip(t) £ W(I) the form aty = u + iddip(t) is positive provided 
that t is sufficiently small. Hence, uj^ defines a Kahler metric. This metric is not smooth in general. 
However, if 2k > n + 2, by the Sobolev embedding theorem, uj^ is at least C 2 , and the operator in 
the right side of (17) will make sense when ip plays the role of p. Thus, we set 

(19) P Q {ip)b = -2G^{U^(^,iddb)^ - G^(d*b,X n )^ . 

Then Po(ip) is a pseudo-differential operator of order zero in b, whose coefficients depend upon the 
coefficients of the metric uj^ and its curvature tensor, all of which are continuous functions. For 
each t on a time interval where all the metrics are uniformly equivalent, we have that 

(20) + PqW : L\ G {M) -+ L° G (M) = L 2 (M) 
continuously. We consider the equation 

(21) j t b = -^b + P Wb, 

whose Cauchy problem will be studied in the next section. We shall refer to it as the approximate 
linearized equation, the reasons being — we hope — clear at this point. 
We end this section with the following 

Proposition 15. Let pi be the Cauchy data for (21). If b(t) € C^fi){I,V) is a solution, then 
d[b | t=0 = Pr+i, < r < k. 

Proof. We have seen above that if p(t) satisfies (15), then 

dt<p = Fr(<P,dt<p,...,dl~ l p), r>2, 

where F r is some operator whose coefficients depend upon the coefficients of the metric u v = 
uj + iddp, and whose restriction to t = depends only on the sequence (po, <p±, . . . , ip r -\. The 
approximate linearized equation (21) is obtained from the linearization of (15) given in (17), when 
we replace the role played by p(t) by that of ip(t). But if)(i) and p(t) have the same coefficients in 
their Taylor expansions up to order k + 1. Therefore, the solution b(t) to the Cauchy problem of 
(21) with data 6(0) = p\ will have necessarily a Taylor series of order k that agrees with the Taylor 
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series of the solution to the Cauchy problem of linearized equation (17). The conclusion follows by- 
Proposition 14. □ 



5. Local solvability of the extremal flow equation 

In this section, we prove local time existence of solutions to the extremal flow (15). We do 
so by adapting to our situation a method of T. Kato for the solvability of abstract differential 
equations and non-linear problems [12]. The pseudo-differential nature of our linearized equation 
(17) makes the task harder. But fortunately enough, the strictly pseudo-differential part of the 
equation is lower order, and most of the analysis is based on that of the standard time-dependent 
heat equation. 

5.1. The Cauchy problem for the approximate linearized equation. From now on, we take 
k to be an integer such that 2k > n + 2 and }$j = L\- q(M) as in the previous section. Given 

Cauchy data (po = for (15), Proposition 14 determines the sequence {<Pj}j=oi an d that in turn 
allows us to define the space W(I) of (18). The interval I = [0,T] will be determined later. 

For tp 6 W(I), we consider the metrics uj^ = to + iddtp and the Cauchy problem of the approx- 
imate linearized equation (21). Notice that in that equation, Po(tp) is given by (19), a pseudo- 
differential operator of order zero whose coefficients depend non-linearly on the coefficients of the 
metric uj,^ and its curvature tensor. 

Let p(t, s) be the evolution operator of 

d , 1 A L 

Thus, p(t, s) is a two-parameter family of strongly continuous operators on % an d Vi, respectively, 
such that p(t, s)p(s, r) = p(t, r), p(t, t) = 1, and for b G ^i we have 

/ 22 ^ d t p(t,s)b = -±A m p(t,s)b, 

d s p{t,s)b = -T;p(t,s)A i>{s) b. 

This family of operators exists for < s < t < T, and their operator norm is bounded uniformly by 
a constant that only depends upon a bound on / = [0, T] of the coefficients of oj^u)- The function 
solving (21) with Cauchy data (3 must satisfy the integral equation 

(23) b(t) = p(t, 0)0 + f p(t, s)P^(s))b{s)ds . 

Jo 

Consider the set of functions b(t) in C {lfi ){I;V) = C(I;%) n C^/^i) such that 6(0) = (3. The 
right hand side of the expression above defines an operator in this space, 



P : b^p{t,0)/3+ I p(t,s)P (^{s))b{s)ds, 
Jo 



and by the explicit form of the coefficients of Po(ip) mentioned above, combined with the continuity 
of pseudo-differential operators on Sobolev spaces, we have that 

||P6-P6|| < CT||&-6||, 

where C is a constant that depends upon the L°°-norm of the coefficients of kfy(t) and its curvature 
tensor on the time interval /. A fixed point argument now yields the following result: 

Theorem 16. Consider the Cauchy problem for (21) with Cauchy data b(t) |t=o£ Vi- Then there 
exists T such that this problem has a unique solution in Cm )(P,y) = C(I;^o) PI C l (P,^i). The 
value of T only depends on supremum norms of the coefficients of u>^^ and its curvature tensor. 
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Of course, the regularity of the solution in the theorem above can be improved if we start with 
a better initial condition. For that observe that the coefficients of the operator are curves in 
C(kfi)(I; y), and consequently, 

A m : L\ 3 (M) ^ L 2 2j _ 2 {M) , 1 < j < k , 

continuously. While the metrics remain equivalent, we can choose a uniform constant for the 
operator norm of these maps, and (22) holds for b G L 2 j(M) with j's in this range. Then we have 

Corollary 17. // the initial data b(t) \t=o= v?i G Vik, the solution to the Cauchy problem for (21) 
belongs to C (kfi) (I;y)=C(I;y k )n---nC k (I,%). 

Proof. The arguments in the proof of the theorem and the remarks made above show that we 
now have a solution b(t) to the Cauchy problem for (21) that is in C(I;^k) H C 1 {P,'^k-i)- This 
solution satisfies (23) with f3 = <fi. 

We can differentiate repeatedly the identity (21) in order to show that the regularity of b(t) with 
this initial condition can be improved. Notice that the coefficients of the second order operators 
dfA^M, 1 < r < k — 1, are curves in C(I; L 2k _ 2r ), and so we have d[A^/ t \ G C(I; L{^j +r+ i, 
for < j < k — 1 — r. Here, £j(X, Y) is the space of linear bounded operators from X to Y, and the 
assertion follows because in the stated range, L 2k _ 2r ■ L\- +2r C L\-. This suffices to conclude that 

the contributions to d l t +1 b arising from d\ A^b are in L^ k _ 2l _ 2 if we already know that b G C^ k ^(I; V). 

The analysis of the contributions to d\ +1 b arising from d[(Po(ip)b) is similar. This time, the 
coefficients of the operators dl(P^^) are curves in C(/; ff 2fc -2r-2^ one degree WO rse than those of 
dfA^p^, but the operators are of pseudo-differentials of order zero instead. The desired improved 
regularity follows by the same arguments as the ones in the previous paragraph. □ 

5.2. An elliptic equation for 7 — F. Let us recall that F{ip) = G^s^, — tt^s^) is the second 
order non- linear operator defined by the right side (15). The derivative of this map at a general 
point ip in ^k+i was computed in §4 and equals the operator in the right side of (17): 

(24) L^b = --A^b - 2G^{Ii^p^,iddb)^ - G f {d*b, X n )^ . 

Since the top part of this linearization is the negative operator —^A^, while the lower order term 
is a pseudo-differential operator of order zero, coercive estimates for this linearization imply that 
A — L^p is an invertible operator as a map, say, from to ^q, for a sufficiently large constant A. 
Let us then take a constant A, and consider the non-linear elliptic map 

1 0j <p 1 ^ \<p-F((p). 

We remind the reader here of the sequence {f r } given by Proposition 14, whose first element is 
ipo = 0. 

Proposition 18. For X sufficiently large, there are neighborhoods andV of ipo and —ipi in^ k +i 
and ^k, respectively, such that the restriction of (25) to is an isomorphism onto V. 

Proof. This is a consequence of the Inverse Function Theorem. Indeed, the linearization A — Lq is 
an invertible operator from to ^o- Hence, if / G }$k, there exists an element b G that satisfies 
the equation 

(X-L )b = f. 

We just need now to show that the regularity of b can be improved. 

For that observe that identity above says that the image of b under Lq is in ^i, and by the 
regularity properties of A — Lq, we must have b G ^2- By iteration of this argument, we conclude 
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that b £ Vk+i, and so, b is an element of the tangent space of ^k+i at 0. The desired result 
follows. □ 



Corollary 19. Let ip £ ^k be sufficiently closed to —p\. Then, for large X, the equation 

Xp — F(<p) = if) 

has a solution p £ Vk+i- The solution is unique if it is required to be closed enough to (po = 0. 

In the sequel, we let D = D k be the open neighborhood of po in ^fc+i where the operator F(p) 
is defined and smooth. 

5.3. A fixed point argument: local solvability of the non-linear equation. Proceeding by 
analogy with [12], we define E^I) to be the set of curves ip(t) £ W k (I) C C7fc +1)0 )(-f; V) such that 

II^C*) ~ <Pl\\k+i-l < R, l = 0,...,k, tel, 

for some positive constant R. The value of R is chosen so the ball in ^k+i with center po and radius 
R is contained in the domain D where the operator F{p) is defined. This space is not empty for 
some R > and some / = [0, T). 

By the form (24) of the linearization of F{ip) at ip, we may conclude that if ip\ and ipi are 
elements of Vfc+i, then the operator norm, as a map from ^ to }$o, satisfies the estimate 

\\ L i>i ~ L ^\\k,o < CUV'i - ^2 ||i , 

for some constant C. Indeed, the top part of in (24) is half of the Laplacian, and its lower 
order part is a zeroth order pseudo-differential operator with nicely behaved coefficients. Then the 
regularity of pseudo-differential operators on Sobolev spaces yields the assertion made. 

We now define a key mapping in our proof of the local time existence to the extremal flow. Let 
ip(t) be an element of E Vo (I), and consider the solution b(t) of (21) given in Theorem 16, with 
initial data ip\. We then solve the equation 

(26) Xip - F(ip) = -b{t) + A + J b{u)du^J , 

where we use a real number A such that, if Lq is the linearization (24) of F(<p) at ip = ipo, then 
A — Lq is an isomorphism. 

We think of this as a stationary equation in <p, that is solved for each t €. I. Since for t sufficiently 
small the right side of the equation lies in a neighborhood of —ipi, Corollary 19 applies to produce 
a solution ip(t) in a neighborhood of ipo ■ 

The following two results are the versions of Proposition 7.4 and Proposition 7.6 in [12] adapted 
to our problem. We give proofs here for the sake of completeness. 

Proposition 20. For sufficiently small t, (26) has a unique solution (p(t) in a neighborhood oftpo in 
D C Vik+i, with cp(0) = po = 0. Furthermore, p(t) £ C(jfc+i,o)(-^; ^) an d ^tV(*) |t=o= Pr, < r < k 
provided T is chosen sufficiently small, uniformly in Tp £ E Vo (I). In that case, p{t) £ E V() (I). 

Proof. The operator p Xp — F(p) is a local diffeomorphism of a neighborhood of ip{t) in 
}$k+i into a neighborhood of A^ — F(ip) in By Theorem 16, the right side of (26) is a curve 
in C(I,^k) that has value —p\ at t = 0. By Corollary 19, we may solve the equation uniquely for 
p(t) in a y /^-neighborhood of po and obtain that p(t) £ C(I This requires to choose T 
sufficiently small but uniformly in ip £ E^ (I) . 

Formal differentiation of the equation solved by p(t) yields that 

(A - L v(t) )d t p = Xb- dtb = (A - L^ t) )b{t) . 

By the invertibility of the operator X—L^m and the known regularity of the right side, it follows that 
dtp £ C(I,}$k) and has value p>\ at t = 0. Iterated differentiation yields that p(t) £ C(fc +1)0 )(/; y) 
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and has the desired coefficients in its Taylor series expansion up to order k. Moreover, the way the 
equation is solved, we have that 

\\d l t <f(t) - <pi\\k+i-i < R 

for tel. This completes the proof. □ 

Proposition 21. For tp £ E Vo (I), let (p(t) G E,p (I) be the solution curve given by the previous 
proposition. If T is sufficiently small, the mapping 

/ 97 \ e <po i 1 ) — > E <po i 1 ) 

is a contraction in the metric induced by the norm |||w|||i = sup te j ||u;(t)||i, relative to which, 
E<p (I) is complete. 

Proof. Given a curve b(t) in we define a norm by |||6||| g = sup teI \\b(t)\\ q . We shall only make 
use of the 1 and norm, respectively. 

Let tpi and ip2 be two elements of E^ (I) and let b\ and b 2 be the solutions to the corresponding 
approximate linearized equations with the same initial condition <pi. We then have that 

h{t) =p^, 1 (t,0)ip 1 , b 2 (t) =p i , 2 (t,0)ip 1 , 

where p^it^s) and p^ 2 (t, 0) are the evolution operators of the linear equations dtv = L^^v and 
dtv = L^ 2 n\v, respectively. Consequently, 

b 2 (t) - b^t) = (p^(t, 0) - p^(t, 0))¥>i , 

and using the identity 

p^(t,0)<p - p^(t,0)(p = - / p^ 2 (t,T)(L^ 2 f T \ - L^i^p^^fyipdT , 

Jo 

we obtain the estimate 

Whit) ~ &l(*)llo < CH^iUfc / \\L^ 2 ( T ) ~ L^r T )\\k,QdT 

Jo 

for some constant C. But we have observed that ||L^, 2 ( r ) — L^^kfi is bounded by a constant 
times 11^2 (t) — ^i(t)||i. For small enough R, this last constant can be chosen uniformly. We then 
obtain that 

III&2-&1IH0 < crii^iUfciH^ 

showing that the map 

ip(t) ' ^ bit) 

is a contraction from the 1-norm to the 0-norm, with contraction factor arbitrarily small with T. 

That the map ipit) > (fit) is a contraction now follows because the map bit) 1— ► tp{t) is uniformly 
C 1 from the 0-norm to the 1-norm. This last map is simply the inverse of <p 1— > \(p — F(cp) from 
to and we have that A — is an isomorphism from to uniformly in ip{t) when ^(t) is 
close to (fQ. □ 

In view of the previous results, there exists a unique fixed point (pit) of the map (27). Since b(t) 
solves (21) with initial data tpi, differentiating with respect to t in (26) we obtain: 

(A - L^dMt) = -b(t) + \b(t) = (A - L„ (t) )6(t) , 
and since A — L^m is injective, we must have that 

bit) = dMt) . 

We may now use this fact in carrying the time integral in (26), and conclude that 

±<p{t) = F(y{t)) . 
18 



Thus, the fixed point tp(t) G E^I) is a solution to the initial value problem (15). 
We thus arrive at the following 

Theorem 22. Let (M, J, Q) be a polarized Kdhler manifold and let G be a maximal compact 
subgroup of Aut(M, J). The extremal flow equation 

d t uj t = -pt + n t /9 t 

in 9Jln t G with a given initial data has a unique solution for a short time. 

In fact, our proof carefully analyses how the time of existence depends upon the coefficients of 
the metric and its curvature tensor. Indeed, it shows that the local time of existence depends on 
the L°°-norm of the coefficients of the initial metric and its curvature operator. We can improve a 
bit the statement above in relation to the lifespan of the extremal flow. 

Corollary 23. Given an initial condition lo € ^Oln,G? the extremal evolution equation has a unique 
solution on a maximal time interval < t < T < oo. IfT < oo, then the maximum of the point-wise 
norm of the curvature tensor blows-up as t — > T. 

The blow-up above, if any, occurs on the Ricci part of the curvature tensor, rather than the full 
curvature tensor itself. 

6. Further remarks 

It is of course important to know when the extremal flow has solutions for all time. Indeed, 
once the local time existence is known, the next problem to consider is the use of the flow to 
show the existence of extremal metrics representing a given cohomology class f2, task that could 
be accomplished if we manage to prove global time existence and convergence of the metrics as 
t — > oo. 

This scheme could not possible work in all cases, as we already know of examples of polarized 
Kahler manifolds without extremal metrics [2]. But as a testing ground of its usefulness, we have 
started its analysis when pursuing extremal metrics on polarized manifolds (M, J, ft) with c\ < 0, or 
on polarized complex surfaces with c\ > 0. The partial results obtained so far are quite encouraging. 

We have two types of fairly strong reasons supporting our belief that this approach will produce 
extremal metrics in the said cases. The first of these is directly related to the flow itself, while the 
other one involves some relation between this flow and the study of families of extremal problems 
as we vary the cohomology class Q. We discuss them briefly in this section. 

The evolution equation (14) implies evolution equations for various metric tensors associated to 
the varying metrics. For instance, the Ricci form evolves according to the equation 

d 1 . idd(ns) 

-p=--Ap + 



dt' 2 ' 2 
the scalar curvature evolves according to the equation 

j t s = ~A(s - 7rs) - 2(p, iddG(s - its)) , 

and the Ricci potential evolves according to the equation 

d 1 1 /* 

-V = - 2G( PH , iddty + G(ns))) - (ns - s ) + J ^{s - ns)dp . 

Here pn is the harmonic component of p, and p(M) is the volume of M relative to lo. 

The first of these equations above shows that the form p is a solution to the heat equation for the 
time dependent Hodge Laplacian. One might expect that Hamilton's maximum principle (Theorem 
9.1 in [11]) for solutions to the heat equation of the rough Laplacian could be extended to this new 
setting. If so, such a result would allow us to conclude that if the initial condition for p has a sign, 
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then that sign should be preserve along the flow (14) for < t < T, T the lifespan of the solution. 
At the very least, such a result should hold for generic manifolds (M, J). 

We could then apply this to manifolds with no non-trivial holomorphic vector fields, such as any 
complex manifold (M, J) with negative first Chern class, or most complex surfaces with positive 
first Chern classes. Notice that for the blow-up of CP 2 at one point, a manifold that carries non- 
trivial holomorphic vector fields, the positivity of the Ricci form is preserved along the flow. This 
makes it even more likely that such a result would also hold on any complex surface with positive 

Cl. 

We may also refine our earlier Theorem 3 when dealing with a complex surface of positive first 
Chern class. Indeed, we have the following result, whose proof will be given elsewhere. 

Theorem 24. Let (M, J, Q) be a polarized complex surface of positive first Chern class. Given any 
Kahler metric g in %Jln t G, the image of the holomorphy potential ir g Sg is an interval contained in 
the set of positive real numbers, interval that only depends on Q and not on g. 

Thus, if for a given initial condition with positive Ricci curvature on a ci-positive surface we 
have that solutions to the flow (14) exists for all time, and converge to an extremal metric as time 
goes to infinity, the extremal metric so obtained would have positive scalar curvature, as expected. 

The preservation of the sign of the Ricci tensor should have very strong implications on the global 
analysis of (14). This property has been of utmost importance already in the work of Hamilton 
[11], and should remain so in the general analysis of our flow equation as well. If c\ > 0, we could 
combine this with plausible global time existence results, and pass to a Cheeger-Gromov-Hausdorff 
limit, an important step towards settling the convergence issue. 

We venture the following two conjectures. 

Conjecture 25. Let (M, J) be a complex manifold of Kahler type polarized by a Kahler class 
Q. If c±(M, J) < 0, there exists an initial condition to the extremal flow (15) equation so that the 
solution exists on [0, oo) and, as t — > oo, converges to a metric of constant negative scalar curvature 
representing 17. 

Conjecture 26. Let (M, J) be a complex surface of positive first Chern class polarized by a 
Kahler class £1. Then there exists an initial condition to the extremal flow (15) equation so that 
the solution exists on [0, oo) and, as t — > oo, converges to an extremal metric of positive scalar 
curvature representing f2. 

The initial condition we have in mind in these two cases is given by a metric whose Ricci form 
is negative or positive, respectively. After the work of Yau [23] on the Calabi conjecture, we know 
we can always find this type of metrics on any given polarization. 

These conjectures are further supported by the results in [21], that we proceed to describe in 
brief detail. For a complex manifold (M, J) of complex dimension n, we denote by 9JI the space 
of Kahler metrics on (M, J). As before, given a positive class Jl G ff 1 ' 1 (M, C) n H 2 (M,R), we let 
VJIq be the space of of Kahler metrics whose Kahler forms represent Q. We shall also consider the 
space SDTi of Kahler metrics of volume one, and %i, the space of cohomology classes that can be 
represented by Kahler forms of metrics in SDti : 



Extremal metrics in 9JIq achieve the infimum of the functional &q in (4), and we have the lower 



(28) 



DCi = {n G H 1,1 (M, £): n= [u] for some u G SDti} . 



bound (8): 
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One approach to providing (M, J) with a canonical shape would be to find critical points of the 
functional 

Tli — ► K 

( 29 ) /" 2 , 

uj ^ s w dp w . 

JM 

A special metric w of this type must have the following properties: 

a) uj achieves the lower bound that is to say, uj is extremal relative to the polarization 
defined by the KaMer class = [uj] that it represents; 

b) the KaMer class Q = [uj] is a critical point of E(Q) as a functional defined over JC\. 
Thus, the search for critical points of (29) — or strongly extremal metrics [18] — achieving an 
optimal lower bound involves the solution of back-to-back minimization problems: the first solving 
for critical points of (4) within a fixed cohomology class fi, and the second solving for those classes 
that minimize the critical value E(Q) as the class O varies within %\. Naturally, we separate the 
two problems by, in addition to (4), introducing the functional 



(30) 



n i ^ E(Q) = [ (nsfdp, 

JM 



where the geometric quantities in the right are those associated with any G-invariant metric that 
represents f2, for G a fixed maximal compact subgroup of the automorphism group of (M, J). Its 
extremal points will be called either critical or canonical classes. We then have [20] the following 

Theorem 27. Let Q be a cohomology class that is represented by a Kahler metric g, assumed to 
be invariant under the maximal compact subgroup G of the biholomorphism group of (M, J) . Then 
is critical class if and only if 



J 

JM 



(TTgSg)(UgP,a)dp g = 

1 M 

for any trace-free harmonic (1, \)-form a. In this expression, p is the Ricci form of the metric g, ir 
is the L? projection (10) onto the space of holomorphy potentials, and II is its lift (11) at the level 
of (1,1) -forms. 

This theorem states that fl is a critical class of (30) if and only if 

(TTgSg)(UgP,a)dHg = 



/ 

J A 



M 

2 



for any trace-free harmonic (1, l)-form a. In other words, the form 7rsITp is L -perpendicular to the 
space of trace-free harmonic (l,l)-forms, and therefore, by Hodge decomposition, the class must be 
such that 

(31) nsUp = Xuj + dG d (d*(7rsUp)) + d*G 9 (d(TTsUp)) , 
for A equal to the L 2 -projection of (its) 2 onto the constants, divided by 2n: 

(32) A = i- j(7Ts) 2 dp g . 

In order to study the existence of critical classes, we may consider [21] the evolution equation 

(33) ^ = nsUp - Xuj + dG d (d*(7rsUp)) + d*G d (d(7rsUp)) . 

The flow equation (33) defines a dynamical system on %\ provided the solutions remain in %\ 
throughout time. Unfortunately, this is not true in general [21]. 
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In the generic case where all non-trivial holomorphic vector fields of (M, J) have no zeroes, 
equation (33) can be extended to a dynamical system on 



Indeed, given ft G %i, let us define the function 



If O were a Kahler class represented by a metric g, this function would be precisely the holomorphy 
potential Tr g s g . The equation 



extends (33), which as such is defined only on X±, all the way to a dynamical system on DCi. 
Solutions to (34) with initial data in X\ remain in %\. In fact, we have that [21] 

Theorem 28. Suppose that all non-trivial holomorphic vector fields of (M, J) have no zeroes. Then 
solutions to (34) with initial data in Xi converge, as t — ► oo, to a stationary point of the equation 
in the space 0C±. 

It is then of natural interest to see if solutions to the equation with Cauchy data given by a 
positive class, that is to say, an element of %i, remain positive thereafter. We already know [21] of 
examples where this is not so, with solutions to the flow equation that are initially in the Kahler 
cone but that, in converging to a critical point of the flow in %\, must eventually leave the cone 
through its walls. 

In fact, this situation occurs already on complex surfaces, where the stability of %\ under the 
flow (34) can be analyzed using a criterion giving necessary and sufficient for a cohomology class 
to be Kahler, criterion that extends that of Nakai for integral classes. Applied to our problem, if 
the Chern number cf / 0, we have that a path fl t solving (34) with initial condition in %\ stays 
there forever after if, and only if, 



for all t > and for all effective divisors D in (M, J) . When c\ = we still obtain a similar 
criterion, replacing the expression in parentheses above by its limit t as c\ — > 0. 

This forward stability of the Kahler cone holds in very general situations, as can be seen by a 
run-down of the various cases in the Enriques-Kodaira classification of complex surfaces [21]. In 
particular, it holds if the complex surface has a signed first Chern class c±, condition under which 
all solutions to the flow (34) that start in %\ stay there forever after, and as t — > oo, they either 
converge to the only critical class \f2{sga.c\)c\/c\ of (30) if c\ > 0, or all classes are critical and 
the flow is constant if c\ = 0. 

Notice that the positivity condition above involves the evaluation of c\ over the divisor D, and 
only in the case when there are effective divisors D for which c\ ■ [D] changes sign from one to 
another could the condition fail to hold. Merely fixing the sign of c\ prevents this from happening, 
but the counterpart to that is of great interest. It shows that the existence of divisors on which c\ 
achieves values of opposite signs is in effect part of the reason why the the Kahler cone might be 
poorly behaved in relation to the flow (33). 

When the surface in question has positive first Chern class and carries non-trivial holomorphic 
fields, the forward stability of the Kahler cone under the flow (33) seems to hold also, though we 
have only verified that for the case of CP 2 blown-up at one point. 



%\ = {flg H^\M, C) n H 2 (M, R) : — = 1} . 



(34) 



—n = 27r Sf7 ci - Jto , 

at 2n 
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In higher dimension and for manifolds (M, J) where c\ is either positive or negative, the space of 
Kahler classes is also forward stable under the flow (34). As a matter of fact, there is a positivity 
criterion that generalizes the one outlined above for surfaces, which guarantees forward stability 
of the Kahler cone under the flow. Manifolds with signed first Chern classes meet this criterion, 
though for these particular cases one can also give a direct argument that proves the flow stability 
of the cone. 

All of these facts combined give further support to the conjectures made earlier. We end up 
venturing a final one. 

Conjecture 29. Suppose the flow equation (34) with initial data in the Kahler cone converges to 
a stationary point that is outside it. Then the extremal Kahler cone is not a closed subset of the 
Kahler cone. 

In other words, under the given hypothesis, there should exist cohomology classes in the Kahler 
cone that cannot be represented by extremal metrics. 
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